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Abstract 

It is shown that the five-dimensional anti-de Sitter black hole is a supersymmetric 
solution of the low-energy field equations of type IIB string theory compactified on an 
Einstein space. A statistical interpretation of the mass dependence of the entropy can be 
obtained from considerations of the three-dimensional BTZ black hole. 
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1 Introduction 



The study of black holes in string theory has been the source of recent developments in our 
understanding of the origin of the Bekenstein-Hawking entropy formula [0-01. In many cases, 
an important role is played by supersymmetry, and the observation that D-branes carry charge 
for the RR fields of string theory j3J . In three dimensions, a particularly interesting example of 
a black hole, known as the BTZ black hole, has been constructed [||, g|, see for a review. The 
construction is based upon the observation that by performing a quotient of three-dimensional 
anti-de Sitter space (adSs), one obtains a spacetime with the properties of a black hole. It was 
observed recently || that the microscopic entropy can be understood for certain black holes 
whose near- horizon geometry is locally equivalent to adS3. This observation is based on the fact 
that adS3 has an asymptotic symmetry algebra consisting of left and right Virasoro algebras 
H 10 1 . In particular, the entropy of the extreme BTZ black hole, viewed as a supersymmetric 



solution of heterotic string theory without the use of RR fields, was computed in [TT 



In |12|], a higher-dimensional generalization of the BTZ construction was provided. The 
essential idea is to take a quotient of anti-de Sitter space, yielding a black hole with topology 
R d_1 x S 1 , and an explicit construction in five dimensions was presented. An interesting aspect 
of these higher-dimensional black holes is that the horizon is a circle, and thus one might hope to 
be able to understand their entropy from a lower-dimensional point of view. We show that the 
five-dimensional black hole is a supersymmetric solution of type IIB string theory compactified 
to adSs x K5, where K§ is a compact internal Einstein space, with only the field strength for the 
RR 4-form excited. At extremality, the black hole has a non-zero horizon length, proportional 
to the square root of the mass. A statistical interpretation of this mass dependence can be 
achieved by relating it to the entropy of the three-dimensional BTZ black hole. 



2 Compactification of Type IIB String Theory on adSs 

The five-dimensional anti-de Sitter black hole is obtained as a quotient of adSs, to which it is 
locally equivalent Hl2[ . To obtain this five-dimensional black hole as a supersymmetric solution 
of type IIB string theory, we seek a compactification to adSs x K5, where K$ is a compact internal 
space. The black hole is then obtained by performing the necessary identifications. We write 
the 10- dimensional coordinates as x M = (x M ,y m ), with /z = 0,1,2,3,4, and m = 5,6,7,8,9, 



and we follow the conventions of [13|. The covariant field equations for type IIB string theory 



have been determined in [14]. As observed in [14 , the desired compactification can be obtained 



by setting all the bosonic fields to zero, except for the metric and anti-self-dual 5-form field 
strength. In this case, the only non-trivial equation of motion is given by 

P _ ^ TP J? N 1 N 2 N 3 N i 

J^MN — 75 -■ t MN 1 N 2 N 3 N 4 - t N ) \ l ) 

where the 5-form is taken to be anti-self-dual. Thus, we have 

Tp _ 1 , NlN 2 N 3 N4,N B -rp /Q\ 

" Mi M2 M3 M4 M 5 — C Af 1 M2 M3 M4 M 5 ^N^NsNiNs, {^) 

with e 0123456789 = 1/ yj—g. We wish to obtain a product metric of the form 

9liv = 9[tv(%)? 9mn = 9mn(y), 9 tarn = 0. (3) 
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The required solution follows by choosing the ansatz [14] 



-^1/^2/^3^4/^5 '5 e /il/»2/t3A»4/'5 ' 

Fmym2ms,m4,m^ Q ^m\m2rn^rrnrn^ • (4) 



It is then straightforward to see that 

Q 2 

R-mn ~^~9mni (5) 

with Rftm = 0, and we note that the 10-dimensional Ricci scalar vanishes. 

In order to establish the supersymmetry of the solution, we must show that the Killing 
spinor equations are satisfied. Namely, we must show that the supersymmetry variations of the 
fermionic fields vanish in the compactified background. The relevant terms in the supersym- 
metry transformations take the form [|l^, |TJ[] 

X„j, _ V7 , i I PM1M2M3M4M5 t ,p 
4 X 4oU 

+ i (T M M ^ M > - 95 M ^T M ^) e*F MlMzM3 , (6) 



[ 1 - 6*6 J ~ 24 3 cFm iM2 m 3 . (7) 



A representation of the Dirac matrices which is relevant to the 5 + 5 split is given in [15|, |16 
The 10-dimensional Dirac matrices are denoted by T A and satisfy 

{ V A T By =2 T] AB , (8) 

with signature r\ AB = ( — !-•••+)■ The representation is given by 

T A = (T a ,T a ) = ( 7 °® l 4 , 7 6 ®X a ), (9) 

where the spacetime matrices are 8- dimensional, and the internal matrices are 4-dimensional, 
satisfying 

{ 7 a , 7 /3 } = 2rj al3 , {S a ,S fe } = 25 ab , (10) 
with signature rf^ = ( — h + + +). The 7 6 matrix is given explicitly by 

^=(o-°i 4 )' (») 

and satisfies 

{7 6 ,7 a } = 0, ( 7 6 ) 2 = 1 8 . (12) 
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The spacetime Dirac matrices can be written as [15, 16 



o f ia 1 <g> 1 2 \ i = / a 3 <g> 1 2 \ 
7 ~ ^ ia 1 <g> 1 2 J ' 7 " ^ a 3 ® 1 2 J ' 

2 / a 2 ® r 2 \ 3 _ / a 2 ® r 1 \ 
7 - 1, a 2 ® r 2 J ' 7 - ^ a 2 ® r 1 J ' 

4 / a 2 ®r 3 \ 
7 = (a 2 ®^ J' (13) 

where a 1 and r % are the Pauli matrices. The internal matrices are 

S 5 = a x ®l 2 , £ 6 = a 3 ®l 2 , £ 7 = a 2 ®r 2 , 

S 8 = a 2 ®^, £ 9 = a 2 ®r 3 , (14) 

with 

pa/3 = ytf g ^ pa6 = lg g, 

A matrix which also enters the analysis is defined by 

J =Uo)- < 16 > 

and satisfies [J, 7"] = 0. 

We write the 10-dimensional spinor as e(x,y) = r](x) ® x(v)- The Killing spinor equations 
then become 

5ip^ = V M r? = Qjjuf), 

5ip m = V m x = -i?S TO Xj ( 17 ) 

o 

with the constraint iJj 6 r) = rj. The integrability conditions implied by ( |T7D are then precisely 
the conditions fl5|). Thus, we have obtained adS5 x K 5 as a supersymmetric solution of the low- 
energy equations of motion of type IIB string theory The amount of supersymmetry present in 
five dimensions is then determined by the holonomy of the internal space K$. One should also 
note that the constraint on rj is consistent with the chirality on e. Defining the 10-dimensional 
chirality operator as 

nil _ -pO-pi 



rT i ---r 9 , (is) 



with (r 11 ) 2 = 1, we find that 



r 11 = iJ 7 6 ® 1 4 . (19) 



Hence, 



r n e = e^ iJ^rj = rj. (20) 
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3 The Five-Dimensional anti-de Sitter Black Hole 



Recently, a higher-dimensional generalization of the BTZ black hole was obtained \T2]. The 
construction is analogous to the three-dimensional case, whereby a certain quotient of anti-de 
Sitter space is constructed with the properties of a black hole. In particular, the five dimensional 
case was explicitly constructed. The important point for our purposes is that the topology of 
the black hole is R d_1 x S 1 , with the horizon being given by the S 1 factor. This is to be 
contrasted with the topology R 2 x S d ~ 2 of a Schwarzschild black hole. The adSs black hole 
is parametrized by two parameters, its mass and angular momentum, and as shown in [ |T^| , 
these can be defined by relating the construction to a Chern-Simons supergravity theory for 
the supergroup SU(2,2 | N) |7|. 

The line element of the adSs black hole can be written in the form Wl 



ds 2 



r — r. 



cos 2 e dr 



„2 , J* 



dr + r 



+ 



+ (r 2 - r 2 ) — (d9 2 + sin 2 9 d X z 



(21) 



in the range — oo <t<oo,r + <r<oo,0<#<7r,0<x< 2n. The location of the horizon 
is specified by r = r+. We note that at the horizon the angular (9, x) part of the line element 
also vanishes. In order to introduce angular momentum, one makes the replacements 



t — r_ 



t 



and identifies points along the new angular coordinate 
element then becomes 



(22) 

+ 27m, with r_ < r + . The line 



ds 2 = dt 2 
+ dt c 



cos 2 ^ 



^•2 ^,2 



dr 2 + 



2r 2 r_ 



+ 



2r_( 



cos 2 9 



r 2 t 2 



cos 2 e 



+ (r 2 - r 2 )^ {de 2 + sin 2 9 d X 2 ). 



(23) 



The Bekenstein-Hawking entropy for the adSs black hole was computed in and found 
to be 



~>BH 



Airkr. 



(24) 



where k is the coupling parameter which multiplies the Chern-Simons supergravity action. 
Since this action is quadratic in curvature, it follows that k has dimensions —1 in length. The 
mass and angular momentum are given by 



M = k 2r+r-^ J = k 



r 2 _|_ r 2 



(25) 



with the constraint that the horizon exists only for J > Ml. The interesting point, as observed 
in JT2|, is that the entropy is not proportional to the length of S 1 , namely 27rr + . However, we 
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note that at extremality J = M£, we have r + = r_, and hence the Bekenstein-Hawking entropy 
is given by 

S BH = (2nr + )2k. (26) 

Due to the fact that the horizon for the five-dimensional case is an S 1 factor, one notes that 
the Bekenstein-Hawking entropy at extremality depends on the square root of the mass, as 
in the case of the BTZ black hole. For very massive BTZ black holes, the entropy has been 
understood at the microscopic level in H, O. This understanding is based on the special 



asymptotic properties of adS3 |9], Let us recall that in the extreme case, the mass and 



entropy of the BTZ black hole are given by H 

M BTZ = r -±^-, Sbtz = ^, (27) 

where G3 is the three-dimensional Newton constant with dimensions +1 in length. 

In order to relate the mass and entropy of the adSs black hole to the BTZ case, we need a 
relationship between the three- and five- dimensional Newton constants. Within string theory, 
it is natural to identify k = a'/8G^, where G5 is the five-dimensional Newton constant with 
dimensions +3 in length. The entropy is then given by 

a' 

S BH = (27rr + )—. (28) 

However, in order of magnitude, we have G3 ~ G^/a'. We thus see that the mass of the 
five-dimensional black hole is of the order of the mass of the BTZ black hole. Upon this 
identification, one then finds that the entropy of the adSs black hole is of the order of the BTZ 



entropy (which has a statistical interpretation || 11, [18|]). In order words, this identification 



yields the correct mass dependence of the five-dimensional entropy. In this sense, the analysis 



is similar in spirit to the correspondence principle presented in |L9, 20fl . However, further work 
is required in order to fix the numerical coefficient. 



4 Conclusions 



The construction of conserved charges for the five-dimensional anti-de Sitter black hole relied 
on the formulation of a Chern-Simons supergravity theory for the supergroup SU(2, 2 | N) \ ^% . 
In this regard, it is worth remarking that a computation of the entropy for the BTZ black hole 
from the point of view of three-dimensional Chern-Simons theory with boundary was provided 
in [nj. The computation is based essentially on the observation that the horizon dynamics 
on the boundary is controlled by a WZW model. It would be interesting to see if a similar 
computation in the SU (2, 2 | N) Chern-Simons theory sheds further light on the entropy. 
Indeed, there has been recent progress in understanding the connection between singleton field 
theories in anti-de Sitter space and the D-brane picture of black hole entropy |H[ 
considerations are contained in 



Further 



22-24 



One should also mention that the self-dual 3-brane 
of type IIB string theory has been discussed in the context of vacuum interpolation between 
10-dimensional Minkowski space and adS 5 x S 5 



25, 2t 



Another interesting observation is the fact that the Chern-Simons supergravity theory for 
the anti-de Sitter group can be constructed up to a maximal dimension of seven |T7j . One might 
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therefore expect to be able to construct conserved charges for the seven-dimensional anti-de 
Sitter black hole, as in the five- dimensional case. Furthermore, the adSy black hole could then 
be obtained as a compactification adS-? x K 4 of 11-dimensional supergravity, with the 4-form 
field strength being proportional to the volume form of the compact internal space K4 [pTL 58 



In this way, the adS7 black hole could be given an interpretation as a solution of the low-energy 
limit of M Theory, with the 2-brane field excited. 
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